The Carnot engine sets an upper limit to the efficiency of a practical heat engine. An arbitrary variety of the latter, however, is believed to behave closely as the CurzonAhlborn engine. Efficiency of this engine is obtained commonly by invoking the maximum power principle in a non-equilibrium framework. We outline here some plausible routes within the domain of classical thermodynamics to arrive at the same expression for efficiency. Further, studies on the performances of quite a few practical engines lead us to a simpler approximate formula with better bounds, on the basis of just the second law.
Introduction
A Carnot engine (CE) is an example of an ideal, reversible heat engine that takes up Q 1 heat from a source kept at temperature T 1 , converts a certain amount W of it to work and rejects the rest heat Q 2 to a sink at temperature T 2 . The efficiency of this engine is given by 
The system undergoes a cyclic process with no change of entropy. Entropy changes of the sink and the source balance in a CE so that the overall value becomes 2 2 1 1
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Considerable recent interest has been focused on the Curzon-Ahlborn engine (CAE) [1] that has the efficiency CAE 2 1
. T T η = − (3)
It is based on a principle called the 'efficiency at maximum power' (EMP). Expression (3) has since been a subject of fervent attention (see, e.g., [2 -12] and references quoted therein). The initial significance [2 -5] was quickly gained in varying circumstances.
Meanwhile, a successful extension to the quantum-mechanical domain [6] followed. The practical situations were subsequently analyzed in detail [7 -10] .
One simple way to arrive at η CAE is the following. Suppose that the working substance is at a temperature T A while it takes up the heat. Similarly, during heat rejection to the sink, it is assumed to be at another fixed temperature T B . Then the rates of heat flow and the power P are represented by
, 
.
Defining η by
and employing the optimum values (6) in (4), expression (3) for the EMP is obtained from (7).
The kind of finite-time thermodynamic approach as above has, however, confronted severe criticisms [11] . It is also not clear whether the alleged success of CAE in reproducing efficiencies of practical engines is fortuitous [4, 7, 12] . Indeed, with data for 10 practical engine efficiencies [13] , an early comparative survey [12] revealed no great promise in (3). However, a resurgence in this area of EMP occurred after an ingenious route was provided [14] via Onsager's formulation of linear irreversible thermodynamics. Varying types of extension along this line has since then continued [15 -28] . A novel stochastic approach was pursued [15, 20, 21] ; finite-time CE was studied [16, 17, 28] within the linear regime; a sort of universality of the CAE has later been also justified [18, 19, 22, 26] beyond the linear regime. Particularly important here is the emergence of bounds [22, 26] to (3) . These were put to test [22] with 13 realistic cases [13, 29] . However, once again, the worth is not immediately apparent. Gradually, therefore, a belief has again started to develop that η CAE does not reflect the true state of affairs [23 -25] . Attempt has also been made [27] to express the EMP as a nonlinear function of the difference of chemical potentials between the materials of the reservoirs for a chemical engine.
In view of the above remarks, here we address primarily two issues. First, we put forward a few strictly equilibrium thermodynamic avenues to arrive at (3) . No such attempt had so far been made. But, we feel, this would enrich our understanding on the classical thermodynamic significance of the CAE. One may also appreciate why several routes of approaching the problem of estimation of efficiencies of practical engines converge around η CAE . Our second endeavor will be to scrutinize the adequacy of (3) vs.
a simpler estimate based solely on the message of the second law in predicting the efficiencies of working engines. As we shall see, this approach is more economical and straight. Notably, bounds are available in the latter scheme too, and they work quite faithfully.
Thermodynamic routes
In conventional thermodynamics, we do not talk of power. So, EMP cannot be the guiding principle here. Instead, we provide a few plausibility arguments to witness the emergence of (3). These include (a) varying logical routes to define some kind of 'average' efficiency, (b) the use of finite reservoirs and (c) the quest for an optimization between efficiency and entropy production, respectively the gain and loss terms in the context of engines. All these exercises rely on the fact that η < η CE .
A. Averaging schemes (i) Assume that the efficiency η of the irreversible engine has the form [30] 2 1
Then, we have the natural bound for α between 1 and T 1 /T 2 with equal probability of all possible values between these two limits for an arbitrary engine. Therefore, an average value for α may be put in (8) . We can choose either the geometric mean (GM) or the arithmetic mean (AM) for α. A similar scheme may be adopted by taking [30] ( )
Choice of the GM yields the same result from (8) or (9), and that agrees with (3).
(ii) We can also implement the requirement that η < η CE either by decreasing the temperature of the source or by increasing the same of the sink. Assume that an intermediate-temperature reservoir exists at T ′ such that η remains same in either choice (i.e., η 1 = η 2 = η) where
This exercise gives η CAE again.
(iii) Suppose that η possesses the form [30] 2 1
Again, any γ between 0 and 1 is permissible with equal probability. Now, a plain AM of the exponent points to the estimate (3).
(iv) The average efficiency of a CE with a source temperature anywhere within T 1 and T 2 is found as The above two averaged estimates do not agree. However, an agreement to first order is ensured if we choose T 1 = T 2 + ε. The agreement extends to our general choice (11) , in addition, if we assign γ = 1/2. Thus, we are led to (3) again.
B. Finite reservoirs
Suppose that the source and the sink have the same finite heat capacity C. Then, after each cycle, source temperature will decrease and sink temperature will increase to reach a common temperature T ′ at the end, and the cycle will stop. Assume reversible heat transfers, for simplicity, to obtain T ′ . Results are the following: 
The overall efficiency may now be calculated as follows, yielding (3) again:
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It may not be out of place to extend the above logic to a case with different heat capacities of the source and the sink (C 1 and C 2 , respectively). We summarize the final findings, for convenience: 
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Note that the outcomes are much more complicated and, importantly, the efficiency is dependent on the 'heat capacity fraction' now.
C. Balance of entropy production and efficiency
Take an irreversible engine that takes up q 1 = αQ 1 heat from the source at T 1 and delivers q 2 = βQ 2 heat to the sink at T 2 where Q 1 and Q 2 are defined in (1). There will then be a non-zero entropy production (EP), given by
where (2) has been used. The corresponding efficiency reads 2 2 2
It is expedient now to define a dimensionless EP. To this end, we notice that ΔS in (17) reaches its maximum value ΔS m when the condition η = 0, i.e., αQ 1 = βQ 2 , holds in (18).
Coupled with (2), this yields
The dimensionless EP is now designated as
It is simple to see that S Δ varies within zero and unity. When η = η CE ,
To confer the same kind of symmetry in the efficiency part, we define also Let us now emphasize that, generally there is a competition between the natural tendency to increase S Δ and human endeavor to increase η . One should therefore be interested to find an optimal situation. A likely candidate would be the sum function S η + Δ that may be extremized with respect to x = α/β. This shows
Thus, we arrive at (3) as η(opt). Notable here is that, both S Δ and η have the same optimum value. However, the appearance of η CAE in the context of EP, as the last part of (22) shows, does not seem to have been noted before. Here, as a byproduct, we find also the inequality CAE CE 1 2 .
Along similar lines, one might opt for an optimum of the product function S ηΔ .
This task yields (22) once again, supplemented by the inequality ( )
The emergence of (3) in discussions of efficiency of an engine is thus quite visible.
Case-studies and further remarks
We mentioned before that the CAE efficiency is not unquestionably believed [4, 7, 12 ] to correspond to efficiencies of realistic engines. Later, study of a Brownian engine [15] also revealed that the EMP scheme does not lead to (3). On the other hand, a molecular dynamics simulation [16] found expression (3) only under a limiting situation.
Test cases [22] showed no great promise either, even if we provide allowance for the bounds [22, 26] to (3) . A glimpse at Table 1 will make the point quite clear. Here, the plants are ordered as they appeared in [22] . Values of η + and η -refer respectively to the upper and lower bounds of η CAE . They obey show borderline behaviors. One opinion is that, real engines do not satisfy the EMP principle [22, 24] . Some other works [23, 25] show that η CAE does not always follow from the above principle, even in the linear-response regime [25] . This calls for a fresh look at the problem.
A naive but straightforward approach could be the following. Given two fixed temperatures T 1 and T 2 , the upper limit to efficiency (η CE ) is fixed. We know that the efficiency of any arbitrary engine would have some value between 0 and η CE . Assuming equal a priori probability of any such value in lieu of deliberately introducing an additional principle or constraint, one obtains as average (η A ) and standard deviation (Δη) the values
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The first result is a direct AM as well. It appeared in a few earlier contexts [13, 14] , and also later provided [22] 
Going back to Table 1 again, we note that no violation of (27) has occurred in any case.
Advantage of the simplistic argument is thus obvious. Bound (27) is also nicely obeyed by the efficiency of stochastic heat engines obtained [15] in the form Figure 1 testifies the bounding property of (27) beyond doubt. A comparison with the corresponding results of (25) [22] shows the advantage readily. One may also notice that both η + and η CAE approach η CE as η CE → 1. In our case, however, neither the upper bound nor the average would ever reach η CE . This is another desirable feature from a pragmatic standpoint. Beyond η CE = 0.6, we notice that η-values tend more towards η A than η CAE . Therefore, it is unlikely that an arbitrary engine will have η closer to η CE when the latter itself is still larger. Finally, the above argument helps us also to explain why it is not a general problem to find η + exceeding our upper bound in (27) beyond η CE = (√3 -1) or η CAE surpassing the same beyond η CE ≈ 0.93. Unless special conditions are imposed during construction, any such observation that η ≈ η CAE is liable to be very singular.
Conclusion
In summary, we outline certain ways to arrive at the CAE efficiency without invoking the concept of EMP. In view of the widespread popularity of the CAE, such attempts may be useful, particularly to extract its true thermodynamic significance.
During the exploration, we have noted certain inequalities [ (23) and (24)] that may be useful. However, as realized by a number of authors, arbitrary practical engines may not follow the EMP principle. They may not even satisfy (3) or the bound (25) . So, an alternative was sought. Indeed, we have found [ (27) ] that a uniform distribution of η within 0 and η CE serves the purpose at hand in a better and cogent manner.
